Abstract. In this paper, we have characterized semigroups by the properties of their ∈, ∈ ∨q k -fuzzy ideals.
Introduction
Zadeh in 1965 introduced the fundamental concept of a fuzzy set in his paper [24] . Since the inception of the notation of a fuzzy set which laid the foundations of fuzzy set theory, the literature on fuzzy set theory and its applications has been growing rapidly amounting by now to several papers. These ideas of fuzzy set are widely scattered over different areas such as artificial intelligence, computer science, control engineering, expert system, management sciences, operations research, pattern recognition, robotics and many others. Rosenfeld [20] laid the foundations of fuzzy groups. Kuroki initiated the theory of fuzzy semigroups in his papers [14] and [15] . The monograph by Mordeson et. al. [16] deals with the theory of fuzzy semigroups and their use in fuzzy coding, fuzzy finite state machines and fuzzy languages.
Fuzziness has a natural place in the field of formal languages. The monograph by Mordeson and Malik [17] deals with the application of the fuzzy approach to the concepts of automata and formal languages. In [18] Murali defined the concept of belongingness of a fuzzy point to a fuzzy subset under a natural equivalence on a fuzzy subset. the idea of quasi-coincidence of a fuzzy point with a fuzzy set is defined in [19] , played a vital role to generate some different types of fuzzy subgroups. It is worth mentioning that Bhakat and Das [1, 2] gave the concept of (α, β)-fuzzy subgroups by using the "belongs to" relation ∈ and "qusai-coincident with" relation q between a fuzzy point and a fuzzy subgroup, and introduced the concept of an ∈, ∈ ∨q -fuzzy subgroups, where α, β ∈ {∈, q, ∈ ∨q, ∈ ∧q} and α ∈ ∧q. In particular, ∈, ∈ ∨q -fuzzy subgroup is an important and useful generalization of Rosenfeld's fuzzy subgroup. These fuzzy subgroups are further studied in [3, 4] .
The concept of ∈, ∈ ∨q k -fuzzy subgroups is a viable generalization of Rosenfeld's fuzzy subgroups. Davvaz defined ∈, ∈ ∨q k -fuzzy subnearrings and ideals of a near ring in [7] . Jun and Song initiated the study of (α, β)-fuzzy interior ideals of a semigroup in [9] which is the generalization of fuzzy interior ideals [10] . In [13] Kazanci and Yamak studied ∈, ∈ ∨q k -fuzzy bi-ideals of a semigroup.
In this paper, we have characterized some classes of a semigroup by the properties of ∈, ∈ ∨q k -fuzzy ideals and obtained some important characterizations for regular, intra-regular, left quasi-regular and weakly regular semigroups.
Preliminaries
Throughout this paper S denotes a semigroup. A non-empty subset A of S is called a subsemigroup of S if A 2 ⊆ A. A non-empty subset J of S is called a left right ideal of S if SJ ⊆ I (JS ⊆ I). J is called a two-sided ideal or simply an ideal of S if it is both left and right ideal of S. A non-empty subset Q of S is called a quasi-ideal of S if QS ∩ SQ ⊆ Q. A non-empty subset B of S is called a generalized bi-ideal of S if BSB ⊆ B. A non-empty subset B of S is called a bi-ideal of S if it is both a subsemigroup and a generalized bi-ideal of S. A subsemigroup I of S is called an interior ideal of S if SIS ⊆ I. Obviously every one-sided ideal of S is a quasi-ideal, every quasi-ideal is a bi-ideal and every bi-ideal is a generalized bi-ideal.
An element a of S is called a regular element if there exists an element x in S such that a = axa. S is called regular if every element of S is regular. It is well known that in a regular semigroup the concepts of quasi-ideal, bi-ideal and generalized bi-ideal coincide. Also in a regular semigroup, every interior ideal is an ideal. A semigroup S is called intra-regular if for each a ∈ S there exist x, y ∈ S such that a = xa 2 y.
Definition 2.1. For a fuzzy set f of a semigroup S and t ∈ (0, 1], the crisp set U( f ; t) = {x ∈ S such that f (x) ≥ t} is called level subset of f .
Definition 2.2.
A fuzzy subset f of a semigroup S of the form
is said to be a fuzzy point with support x and value t and is denoted by x t .
A fuzzy point x t is said to belong to (resp. quasi-coincident with) a fuzzy set f , written as x t ∈ f (resp.
. If x t ∈ f or x t q f , then we write x t ∈ ∨q f . The symbol ∈ ∨q means ∈ ∨q does not hold. For any two fuzzy subsets f and of S, f ≤ means that, for all x ∈ S, f (x) ≤ (x).
Generalizing the concept of x t q f , Jun [10, 11] 
Definition 2.3.
A fuzzy subset of S is called an (∈, ∈ ∨q k )-fuzzy subsemigroup of S if for all x, y ∈ S and t, r ∈ (0, 1] the following condition holds: x t ∈ f , y r ∈ f implies xy min{t,r} ∈ ∨q k f .
Lemma 2.4.
[21] Let f be a fuzzy subset of S. Then f is an (∈, ∈ ∨q k )-fuzzy subsemigroup of S if and only if
Definition 2.5. A fuzzy subset f of S is called an (∈, ∈ ∨q k )-fuzzy left right ideal of S if for all x, y ∈ S and t, r ∈ (0, 1] the following condition holds: y r ∈ f implies xy t ∈ ∨q k f x t ∈ f implies xy t ∈ ∨q k f .
Lemma 2.6. [21] Let f be a fuzzy subset of S. Then f is an (∈, ∈ ∨q k )-fuzzy left right ideal of S if and only if
Definition 2.7.
A fuzzy subsemigroup f of a semigroup S is called an (∈, ∈ ∨q k )-fuzzy bi-ideal of S if for all x, y, z ∈ S and t, r ∈ (0, 1] the following condition holds: x t ∈ f and z t ∈ f implies xyz t ∈ ∨q k f .
Lemma 2.8. [21] A fuzzy subset f of S is an (∈, ∈ ∨q k )-fuzzy bi-ideal of S if and only if it satisfies the following conditions:
for all x, y ∈ S and k ∈ [0, 1).
for all x, y, z ∈ S and k ∈ [0, 1).
Definition 2.9.
A fuzzy subset f of a semigroup S is called an (∈, ∈ ∨q k )-fuzzy generalized bi-ideal of S if for all x, y, z ∈ S and t, r ∈ (0, 1] the following condition holds: x t ∈ f and z t ∈ f implies xyz t ∈ ∨q k f .
Lemma 2.10. [21] A fuzzy subset f of S is an (∈, ∈ ∨q k )-fuzzy generalized bi-ideal of S if and only if f xyz
Definition 2.11.
A fuzzy subsemigroup f of a semigroup S is called an (∈, ∈ ∨q k )-fuzzy interior ideal of S if for all x, y, z ∈ S and t, r ∈ (0, 1] the following condition holds: y t ∈ f implies xyz t ∈ ∨q k f .
Lemma 2.12.
[21] A fuzzy subset f of S is an (∈, ∈ ∨q k )-fuzzy interior ideal of S if and only if it satisfies the following conditions:
, where 1 is the fuzzy subset of S maps every element of S on 1.
Characterizations of Regular Semigroups in Terms of (∈, ∈ ∨q k )-fuzzy Ideals
Theorem 3.1. For a semigroup S, the following conditions are equivalent:
Theorem 3.2. For a semigroup S, the following conditions are equivalent:
for every right ideal R and left ideals L 1 and L 2 of a semigroup S.
Proof. (i) =⇒ (iii): Let S be regular semigroup, then for an element a ∈ S there exists x ∈ S such that a = axa.
where R is right ideal and L 1 and L 2 are left ideals of S.
So a ∈ R and a ∈ L 1 and a ∈ L 2 . As
(iii) =⇒ (ii): is obvious.
(ii) =⇒ (i): As a ∪ aS and a ∪ Sa are right ideal and left ideals of S generated by a, respectively. Thus by assumption we have
Thus a = axa, for some x in S. Hence S is regular semigroup.
Lemma 3.3. For a semigroup S, the following conditions are equivalent: Proof. (i) =⇒ (iii): Let S be intra-regular semigroup, then for an element a ∈ S there exists x ∈ S such that a = xa 2 y. Let a ∈ L ∩ B ∩ R, where L is left ideal and B is bi-ideal and R right ideal of S.
So a ∈ L and a ∈ B and a ∈ R.As a = xaay = xxaayay = xxaayxaay
(ii) =⇒ (i): As a ∪ Sa and a ∪ a 2 ∪ aSa and a ∪ aS are left ideal, bi-ideal and right ideal of S generated by a respectively. Thus by assumption we have
Thus a = (xa 2 )y, for some x in S. Hence S is intra-regular semigroup.
Theorem 3.4. For a semigroup S, the following conditions are equivalent:
for every ∈, ∈ ∨q k -fuzzy left ideal f, ∈, ∈ ∨q k -fuzzy bi-ideal and ∈, ∈ ∨q k -fuzzy right ideal h of a semigroup S.
Proof. Let f, and h be any ∈, ∈ ∨q k -fuzzy left ideal, ∈, ∈ ∨q k -fuzzy bi-ideal and ∈, ∈ ∨q k -fuzzy right ideal of S. Since S is regular therefore for each a ∈ S there exists x ∈ S such that a = xaay = (xxa)(ayxa)(ayy).
Thus be (∈, ∈ ∨q k )-fuzzy left ideal, (∈, ∈ ∨q k )-fuzzy bi-ideal and (∈, ∈ ∨q k )-fuzzy right ideal of semigroup S.
. Hence by Lemma 3.3, S is intraregular.
Theorem 3.5. For a semigroup S, the following conditions are equivalent:
(i) S is intra-regular,
for every ∈, ∈ ∨q k -fuzzy left ideal f, ∈, ∈ ∨q k -fuzzy bi-ideal and ∈, ∈ ∨q k -fuzzy right ideal h of a semigroup S,
for every ∈, ∈ ∨q k -fuzzy left ideal f, ∈, ∈ ∨q k -fuzzy generalized bi-ideal and ∈, ∈ ∨q k -fuzzy right ideal h of a semigroup S.
Proof. (i) ⇒ (iii): Let f, and h be any ∈, ∈ ∨q k -fuzzy left ideal, ∈, ∈ ∨q k -fuzzy bi-ideal and ∈, ∈ ∨q k -fuzzy right ideal of S. Since S is intra-regular therefore for each a ∈ S there exists x, y ∈ S such that a = xaay = (xxa)(ayxa)(ayy).
(iii) ⇒ (ii): is obvious.
(
ii) ⇒ (iii): Let L[a], B[a] and R[a] be left ideal, bi-ideal and right ideal of S generated by a. Then C L[a] , C B[a]
and C R[a] be (∈, ∈ ∨q k )-fuzzy left ideal, (∈, ∈ ∨q k )-fuzzy bi-ideal and (∈, ∈ ∨q k )-fuzzy right ideal of semigroup S.
. So by Lemma 3.3, S is intra-regular.
Characterizations of Left Regular Semigroups in Terms of (∈, ∈ ∨q k )-fuzzy Ideals
An element a of a semigroup S is said to be right weakly regular if a ∈ aSaS and left weakly regular if a ∈ SaSa. A semigroup is said to be right (left) weakly regular if all its elements are right (left) weakly regular.
Example 4.1. Let S = {1, 2, 3, } be a semigroup with binary operation "· ", as defined in the following Cayley table
Clearly S is left weakly regular because 1 ∈ S · 1 · S · 1, 2 ∈ S · 2 · S · 2 and 3 ∈ S · 3 · S · 3. Let us define a fuzzy subset δ of S, as
Then clearly δ is an (∈, ∈ ∨q)-fuzzy ideal of S but not a fuzzy ideal of S.
Lemma 4.2. Let S be a left weakly regular monoid and I be any interior ideal then I = I 2 .
Proof. Let S be left weakly regular then it is easy to see that I 2 ⊆ I. Let a ∈ I and since S is left weakly regular therefore there exist x, y ∈ S such that a = xaya, so we have a = xaya = xay (xaya) ∈ (SIS) (SIS) ⊆ II ⊆ I 2 .
Therefore I = I 2 .
Theorem 4.3. For a semigroup S, the following are equivalent:
(i) S is left weakly regular, (ii) I ∩ L ⊆ IL, where I is an interior ideal and L is a left ideal of S,
, for some a in S.
Proof. (i) =⇒ (ii): Let a ∈ I ∩ L which implies that a ∈ I and a ∈ L. Let S be a left weakly regular monoid. Then there exist x, y, ∈ S such that a = xaya, so we have
(ii) =⇒ (iii): is obvious.
(iii) =⇒ (i): As a ∪ Sa is a principal left ideal generated by a and a ∪ a 2 ∪ SaS is a principal interior ideal generated by a so we have
a = a 2 or a = axa or a = uava, for some x, u, v in S. If a = a 2 = aaaa. If a = a 3 . If a = axa, then a = axaxa = yaxa, where y = ax. Therefore S is left weakly regular. Proof. (i) =⇒ (ii) : Let a ∈ L ∩ I which implies that a ∈ L and a ∈ I. Let S be a left weakly regular monoid. Then there exist x, y, ∈ S such that a = xaya, so we have
(iii) =⇒ (i): Since a ∪ Sa is a principal left ideal and a ∪ a 2 ∪ SaS is a principal interior ideal so by (iii), we have
Therefore S is left weakly regular. (ii) ∧ k f ≤ f • k for every ∈, ∈ ∨q k -fuzzy interior ideal f of S and every ∈, ∈ ∨q k -fuzzy left ideal of S.
Theorem 4.6. For a semigroup S, the following conditions are equivalent:
(i) S is left weakly regular,
(ii) f ∧ k ≤ f • k for every ∈, ∈ ∨q k -fuzzy interior ideal f of S and every ∈, ∈ ∨q k -fuzzy left ideal of S.
Proof. (i) ⇒ (ii): Let f be an ∈, ∈ ∨q k -fuzzy interior ideal and be an ∈, ∈ ∨q k -fuzzy left ideal of S. Since S is left weakly regular, then for each a ∈ S there exist x, y ∈ S such that a = xaya, so we have
(ii) ⇒ (i): Let I and L be interior and left ideals of S then by Lemmas 4.5 and 4.3, (C L ) k and (C I ) k are ∈, ∈ ∨q k -fuzzy left ideal and ∈, ∈ ∨q k -fuzzy interior ideal of S, respectively. Let a ∈ I ∩ L, then
Thus a ∈ IL. Therefore I ∩ L ⊆ IL. Hence it follows from Theorem 4.3, S is left weakly regular.
Theorem 4.7. For a semigroup S, the following conditions are equivalent:
for every ∈, ∈ ∨q k -fuzzy interior ideal f , every ∈, ∈ ∨q k -fuzzy generalized bi-ideal and every ∈, ∈ ∨q k -fuzzy left ideal h of S,
for every ∈, ∈ ∨q k -fuzzy interior ideal f , every ∈, ∈ ∨q k -fuzzy bi-ideal and every ∈, ∈ ∨q k -fuzzy left ideal h of S,
for every ∈, ∈ ∨q k -fuzzy interior ideal f , every ∈, ∈ ∨q k -fuzzy quasi-ideal and every ∈, ∈ ∨q k -fuzzy left ideal h of S.
Proof. (i) ⇒ (ii): Let f, and h be any ∈, ∈ ∨q k -fuzzy interior ideal, ∈, ∈ ∨q k -fuzzy generalized bi-ideal and ∈, ∈ ∨q k -fuzzy left ideal of S, respectively. Since S is left weakly regular therefore for each a ∈ S there exist x, y ∈ S such that a = xaya. Then a = xaya = x(xaya)ya = xxay(xaya)ya = (xxayx)(aya)(ya).
(iv) ⇒ (i): Let f and h be any ∈, ∈ ∨q k -fuzzy interior ideal and ∈, ∈ ∨q k -fuzzy left ideal of S, respectively. Since S itself is an ∈, ∈ ∨q k -fuzzy quasi-ideal of S, so by (iv), we have
Therefore f ∧ k h ≤ f • k h for every ∈, ∈ ∨q k -fuzzy interior ideal f of S and every ∈, ∈ ∨q k -fuzzy left ideal h of S. Hence by Theorem 4.6, S is left weakly regular.
Theorem 4.8. For a semigroup S, the following are equivalent:
implies that a ∈ L 1 and a ∈ L 2 . Let S be a left weakly regular monoid. Then there exist x, y, ∈ S such that a = xaya, so we have
(iii) =⇒ (i): As a ∪ Sa is a left ideal so we have
Thus a = a 2 or a = axa or a = ya 2 or a = uava, for some x, y, u, v in S. If a = axa then a = axaxa = saxa, where s = ax. If a = ya 2 then a = yayaa = yata, where t = ya. Therefore S is left weakly regular.
Theorem 4.9. For a semigroup S, the following conditions are equivalent:
(i) S is left weakly regular, (ii) f ∧ k ≤ f • k for all ∈, ∈ ∨q k -fuzzy left ideals f and of S.
Proof. (i) ⇒ (ii): Let f and be ∈, ∈ ∨q k -fuzzy left ideals of S. Since S is left weakly regular, then for each a ∈ S there exist x, y ∈ S such that a = xaya, so we have
Let L 1 and L 2 be left and interior ideals of S then by Lemmas 4.3 and 4.6 C L 1 k and C L 2 k are ∈, ∈ ∨q k -fuzzy left ideals of S, respectively. Let a ∈ L 1 ∩ L 2 , then
Hence it follows from Theorem 4.8 that S is left weakly regular. (i) S is left weakly regular, (ii) f ∧ k ∧ k h ≤ f • k • k h for every ∈, ∈ ∨q k -fuzzy left ideals f , and every ∈, ∈ ∨q k -fuzzy generalized bi-ideal h of S, (iii) f ∧ k ∧ k h ≤ f • k • k h for every ∈, ∈ ∨q k -fuzzy left ideals f , and every ∈, ∈ ∨q k -fuzzy bi-ideal h of S, (iv) f ∧ k ∧ k h ≤ f • k • k h for every ∈, ∈ ∨q k -fuzzy left ideals f , and every ∈, ∈ ∨q k -fuzzy quasi ideal h of S. S, so by (ii), we have
Therefore f ∧ k h ≤ f • k h for every ∈, ∈ ∨q k -fuzzy ideals f and h of S. Hence by Theorem 4.9, S is left weakly regular.
